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Using the Markoff theorem on indeﬁnite binary quadratic forms
it is shown that every element of the class group of any real
quadratic order of discriminant d has an ideal of norm less than
or equal to 1 + 
√
d
3 . This bound is best possible as there are
quadratic orders of discriminant d which have ideal classes where
the least norm is 1+
√
d
3 . These discriminants are explicitly given
and their connection to the Markoff conjecture is highlighted.
© 2011 Elsevier Inc. All rights reserved.
1. Introduction
Let d ≡ 0,1 (mod 4) be a positive integer that is not a square. Let R denote the unique quadratic
order of discriminant d in Q(
√
d ). It is well known that every element of the class group of ideals
in R has an ideal whose norm is less than
√
d
2 , the Minkowski bound [5, Theorem 1.3.1]. This bound
can be improved to
√
d
5 [3, Theorem 11, p. 141]. A simple application of Markoff’s theorem yields
the following result.
Theorem 1.1. Every ideal class in the class group of a real quadratic order of discriminant d has an ideal of




The bound given in the above theorem is best possible because there are quadratic orders of
discriminant d which have ideal classes where the least norm is 1+ 
√
d
3 . Indeed these ideal classes
correspond to the Markoff forms as described below.
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if f is a real indeﬁnite binary quadratic form of discriminant d, such that the inﬁmum, m( f ) =
inf{| f (x, y)|: x, y both not 0} >
√
d
3 , then f is equivalent to a multiple of a Markoff form.
There is a countable number of Markoff forms where each such form corresponds to a solution
triple (a,b, c) with 0 < a b  c of the Markoff equation x2 + y2 + z2 = 3xyz. The integers a,b, c are
called Markoff numbers. The Markoff conjecture states that given a positive integer c, there is at most
one pair of positive integers a,b with a  b  c such that (a,b, c) is a solution triple of the Markoff
equation.
Our proof of Theorem 1.1 is based on the standard construction of Markoff forms as in [1], where
a Markoff form is deﬁned for each Markoff number c and denoted by Fc . There is an ambiguity in
this notation as the Markoff form deﬁned actually depends on the ordered triple (a,b, c) and not only
on c. Therefore if the Markoff conjecture is not true, then given a Markoff number c, it is possible
that there is more than one such form Fc . To avoid this ambiguity we deﬁne a Markoff form for each
ordered solution triple (a,b, c) of the Markoff equation. Moreover our construction enables us to state
a conjecture that is equivalent to the Markoff conjecture as follows.
Let c be a Markoff number. Let m = c if c is odd and m = c2 if c is even. We show that there is
a one-to-one correspondence between Markoff forms and pairs of classes of binary quadratic forms
f , f −1 of discriminant 9m2 − 4(mc )2, where f represents m and f 2 represents −1. Therefore the
Markoff conjecture is equivalent to the following statement: there is at most one pair of elements
f , f −1 in the form class group of discriminant d = 9m2 − 4(mc )2 such that f represents the integer m
and f 2 represents −1.
It is worthwhile to note that the forms f such that f 2 represents −1 are forms that correspond to
representations of d as a sum of two co-prime squares. Indeed there are very interesting connections
between ambiguous forms, sums of squares and Markoff numbers as described in [6,8].
We also prove the following theorem where it is shown that the bound in Theorem 1.1 is best





Theorem 1.2. Let c be a Markoff number and let m = c if c is odd andm = c2 if c is even. Let d = 9m2 −4(mc )2 .
Let R be the class group of the real quadratic order of discriminant d. Then the following hold.




2. If the Markoff conjecture is true then there is exactly one pair of ideal classes {I, I−1} in R such that the
least norm in I is equal to m.




then D is of the form d given above.
2. Binary quadratic forms and ideals
2.1. Forms
A binary quadratic form f = (a,b, c) is a function f (x, y) = ax2 + bxy + cy2, where a,b, c are real
numbers called the coeﬃcients and d = b2 − 4ac is called the discriminant. In the case when the form
is integral, that is a,b, c are integers we will assume that the form is primitive, i.e., gcd(a,b, c) = 1.
Two forms f and f ′ are said to be equivalent, written as f ∼ f ′ , if for some A = ( α β
γ δ
) ∈ SL2(Z)
we have f ′(x, y) = f (αx+ β y, γ x+ δy). It is easy to see that ∼ is an equivalence relation on the set
of forms of discriminant d.
If f = (a,b, c), then the form (a,−b, c) is denoted as f −1 and the form (−a,b,−c) is denoted as f .
Note that in general f −1 does not represent an inverse; only integral forms have inverses as explained
below. A form g is a multiple of form f if there exists a real number k such that g = kf = (ka,kb,kc).
Observe that − f = ( f )−1.
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f (x, y) = m. Note that equivalent forms represent the same integers and hence sometimes we refer
to a class of forms f that represents a given integer. Also it is easy to see that f and f −1 represent
the same set of integers.
In the case of integral forms, the set of equivalence classes of forms is an abelian group called the
form class group with group law as composition given in Deﬁnition 2.1 in the next section. The class
number denoted by h(d) is the order of the class group.
The inverse of an integral form f in the class group is f −1 deﬁned above and the identity form e
is deﬁned as the form (1,0, −d4 ) or (1,1,
1−d
4 ) depending on whether d is even or odd, respectively.
Note that any form that represents the integer 1 is equivalent to the identity form.
The inﬁmum of a binary quadratic form f is deﬁned as m( f ) = inf{| f (x, y)|: x, y ∈ Z}, where x, y
are not both 0. Note that m( f ) =m( f −1) =m(− f ).
The results in the following lemma are well known; the reader may refer to [7] for proofs.
Lemma 2.1.
1. The form (a,b, c) is equivalent to the form (a,b + 2aδ, c′) for any integer δ.
2. A form f represents an integer n if and only if f ∼ (n,b, c) for some numbers b, c.
The following lemma can be proved easily using standard results. Part 1 follows because the fun-
damental unit in this case has positive norm and part 2 follows from [8, Lemma 4.4].
Lemma 2.2. Let d = 9c2 − 4 or 9c2 − 1. Then the following hold in the form class group.
1. The identity form e is not equivalent to e.
2. If |n| < c and the identity form e represents n, then n = 1.
2.2. Ideals
In this section all forms are integral and d ≡ 0,1 (mod 4) denotes a positive integer that is not a
square. R denotes the unique quadratic order of discriminant d in K = Q(√d ). For details of the re-
sults presented in this section the reader is directed to [2, Sections 5.2 and 5.4.2]. A clear presentation
of the arithmetic of ideals is also available in [5, Sections 1.2 and 1.3].
A primitive integral ideal I of R can be written in the form





where a,b are integers such that a > 0 is the norm of the ideal and 4a divides b2 − d.
If c = b2−d4a and gcd(a,b, c) = 1, then the ideal is invertible and the inverse is the ideal I = aZ +
b+√d
2 Z. Note that (a,b, c) = ax2 + bxy + cy2 is a form of discriminant d. Indeed the invertible ideals
are the ideals that correspond to forms.
Let F be the set of forms modulo the action of the group {( 1 m
0 1
)
, m ∈ Z}, where the forms (a,b, c)
and (a,b + 2am, c′) are identiﬁed. Let I be the set of fractional ideals modulo Q∗ . A map ψ from F













d, if a < 0.
The map ψ induces a bijection between the class group of forms and the narrow class group of R ,
where two ideals I and J are strictly equivalent, written as I ≈ J , if there are algebraic integers α
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induced by ψ it is necessary to consider for each ideal an ordered basis w1Z + w2Z that satisﬁes
w2w1 − w1w2 > 0, where w1 represents the conjugate of w1. Two ideals are said to be equivalent,
written as I ∼ J , if the ideal equality given above holds without the norm condition. The group of
equivalence classes of ideals under this equivalence is called the wide class group or simply class
group.
Observe that if a > 0 and ψ( f ) = ψ(a,b, c) = I , then ψ( f ) = ψ(−a,b,−c) = I√d. Moreover, in the
(wide) class group, we have the ideal equivalence ψ( f ) ∼ ψ( f ).
In the following deﬁnition we present the formula for the product of ideals which leads to com-
position of forms.
Let Ik = akZ+ −bk+
√
d
2 Z, k = 1,2, be two primitive ideals. Let f1 = (a1,b1, c1) and f2 = (a2,b2, c2)
be the corresponding binary quadratic forms of discriminant d.
Deﬁnition 2.1. Let g = gcd(a1,a2, (b1 + b2)/2) and let v1, v2,w be integers such that
v1a1 + v2a2 + w(b1 + b2)/2 = g.












then I1 · I2 is the ideal a3Z + −b3+
√
d
2 Z. Further the composition of the forms (a1,b1, c1) and
(a2,b2, c2) is the form (a3,b3, c3), where c3 is computed using the discriminant equation.
Note that this gives the multiplication in the class group.
3. The Markoff theory
A triple (a,b, c) of positive integers that satisﬁes the Markoff equation
a2 + b2 + c2 = 3abc (3.2)
is called a Markoff triple; the numbers a, b, and c are called Markoff numbers. We call a solution
triple (a,b, c) ordered if a b c.
We deﬁne below a Markoff form for which we ﬁrst observe that if (a,b, c) is a Markoff triple
and k is an integer such that ak ≡ b (mod c), then from the Markoff equation (3.2) it follows that
k2 + 1 ≡ 0 (mod c).
Deﬁnition 3.1. Let (a,b, c) be an ordered Markoff triple. Let integer k be deﬁned as
ak ≡ b (mod c), 0 k < c,
and let l be deﬁned by
k2 + 1 = lc.










In the case when c is odd the form
cFabc = (c,3c − 2k, l − 3k)
is an integral form of discriminant 9c2 − 4. When c = 2c′ is even, the form
c′Fabc =
(
c′,3c′ − k, l − 3k
2
)
is an integral form of discriminant 9c′2 − 1.
Lemma 3.1. Let c be a Markoff number and m = c if c is odd and m = c/2 if c is even. Let f = mFabc and
g = mFa′b′c correspond to two distinct ordered triples, with ak ≡ b mod c and a′k′ ≡ b′ mod c. Then k ≡
±k′ mod c.
Proof. By [8, Lemma 2.1] we have
(
aa′ − bb′)(ab′ − ba′)= c2(ab − a′b′). (3.3)
As seen in the proof of [8, Theorem 2.2] we have gcd(aa′ − bb′,ab′ − ba′,m) = 1 and hence m = pq
with gcd(p,q) = 1 and
aa′ − bb′ ≡ 0 mod p2 and ab′ − ba′ ≡ 0 mod q2. (3.4)
From the proof of [8, Theorem 2.2] we have p,q > 1. Now if k ≡ k′ mod c it follows that ba ≡ b
′
a′ mod c
and therefore ba′ − ab′ ≡ 0 mod c. However this contradicts gcd(aa′ − bb′,ab′ − ba′,m) = 1 and hence
the result follows in this case. If k ≡ −k′ mod c we have ba ≡ − b
′
a′ mod c and so ba
′ + ab′ ≡ 0 mod c.
Combining with ab′ −ba′ ≡ 0 mod q2 we get ba′ ≡ 0 mod q, which is not possible as the three integers
in any Markoff triple are mutually coprime [1, p. 28]. 
Remark 3.1. Observe that if c is odd, then (cFabc)−1 ∼ (c,3c − 2k′, l′ − 3k′) and in the case when
c is even, (c′Fabc)−1 = (c′,3c′ − k′, l′−3k′2 ). Here we have k′ = c − k with k′2 + 1 = l′c so that while
k ≡ ba mod c we have k′ ≡ ab mod c. Also note that as a result of Lemma 3.1, it follows that the number
of ordered Markoff triples for a given Markoff number c is at most half the number of solutions of
k2 + 1 ≡ 0 mod c.
Lemma 3.2. Let Fabc be a Markoff form. Let m = c if c is odd and m = c/2 if c is even. Let f =mFabc . Then the
following hold.
1. Fabc ∼ −Fabc or equivalently f 2 ∼ e, that is f ∼ − f .
2. The inﬁmumm(Fabc) = 1 or equivalently m( f ) =m.
Proof. See [1, Chapter 2, Lemmas 9 and 10]. 
For the next lemma we need the following deﬁnitions. For an ordered Markoff triple (c1, c2, c) let
k1,k2,k be deﬁned as
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k ≡ c2c1 (mod c), 0 k < c,
k1 ≡ cc2 (mod c1), 0 k1 < c1,
k2 ≡ c1c (mod c2), 0 k2 < c2.
Lemma 3.3. Let (c1, c2, c) be an orderedMarkoff triple that is not equal to (1,1,1) or (1,1,2) and let k1,k2,k
be as deﬁned above. Then the following hold.
1. (3c1c2 − c, c1, c2), (c1, c,3cc1 − c2) and (c2, c,3cc2 − c1) are ordered Markoff triples.
2. Fc1c2c(k, c) = 1 and Fc1c2c(k2 − 3c2, c2) = Fc1c2c(k1, c1) = −1 or equivalently cFc1c2c(k, c) = c and
cFc1c2c(k2 − 3c2, c2) = cFc1c2c(k1, c1) = −c.
Proof. See [1, Chapter 2, p. 28 and Lemma 8]. 
Lemma 3.4. Let c be a Markoff number and m = c if c is odd and m = c/2 if c is even. Let Fabc and Fa′b′c be
two Markoff forms corresponding to two distinct ordered Markoff triples (a,b, c) and (a′,b′, c). Let f =mFabc
and f ′ =mFa′b′c . Then f is not equivalent to either f ′ or f ′−1 .
Proof. Assume that c is odd. Let f = cFabc = (c,3c − 2k, l − 3k) where k, l are as given in Deﬁni-
tion 3.1. Similarly let f ′ = cFa′b′c = (c,3c − 2k′, l′ − 3k′). Then k2 ≡ (k′)2 (mod c). Therefore we have a
factorization c = c1c2 where gcd(c1, c2) = 1 and
k ≡ k′ (mod c1), k ≡ −k′ (mod c2). (3.5)
If c1  c2 using Deﬁnition 2.1 for composition of forms, we have f f ′ = (a3,b3, c3), where a3 =
c2/g2 = c21 as g = gcd(c,k + k′) = c2. If f ∼ f ′ , then f f ′ ∼ f 2 ∼ e by Lemma 3.2 and hence e rep-
resents a3 = c21 < c (Lemma 2.1). If f ∼ f ′−1, then f f ′ ∼ e and we have e represents a3 < c. In the
case when c2  c1 we consider the composition of f with ( f ′)−1 to get f ( f ′)−1 = (a3,b3, c3), where
a3 = c2/g2 = c22 as g = gcd(c,k−k′) = c1. Therefore in this case if f ∼ f ′ , then f ( f ′)−1 ∼ e represents
a3 = c22 < c and if f ∼ f ′−1 then e represents a3. In all cases e represents a3 or −a3 where a3 < c.
From Lemma 2.2 it follows that a3 = 1 which means that either c1 or c2 is equal to 1. If c2 is 1, then
k ≡ k′ mod c and if c1 = 1 then k ≡ −k′ (mod c). However from Lemma 3.1 this is not possible and
hence the result follows.
The proof in the case when c is even is similar. Note that every even Markoff number c satisﬁes
c ≡ 2 (mod 4) (see for instance [8, Lemma 4.2]). 
Lemma 3.5. Let c be a positive integer. Let m = c when c is odd and m = c2 when c is even. Let f be a form of
discriminant 9m2 − 4(mc )2 that represents m and such that f 2 ∼ e. Then c is a Markoff number and either f
or f −1 is equivalent to mFabc for some ordered Markoff triple (a,b, c).
Proof. Firstly from Lemma 2.1 as f represents m for some integers l,k with 1 k  c we have f ∼
(m,3m − 2kmc , (l − 3k)mc ) with
k2 + 1 = cl. (3.6)
As f 2 ∼ e, we have f ∼ − f , which means that f represents −m. Then for some integer k1 and
c1 > 0 with gcd(k1, c1) = 1 we have f (k1, c1) = −m, that is
ck21 + (3c − 2k)k1c1 + (l − 3k)c21 = −c. (3.7)
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c1k − ck1 = c2. (3.8)
We will show that (c1, c2, c) is a Markoff triple. We have using (3.6)–(3.8)
c21 + c22 + c2 = c21 + c21k2 + c2k21 − 2cc1kk1 + c2
= c2 + c21
(
k2 + 1)+ c2k21 − 2cc1kk1
= c2 + c21lc + c2k21 − 2cc1kk1
= c(c + c21l + ck21 − 2c1kk1)
= c(3kc21 − 3ck1c1)= 3cc1(c1k − ck1)
= 3cc1c2.
Assume that c = max{c1, c2, c}. If c1  c2 then (c1, c2, c) is an ordered triple and from Deﬁnition 3.1
and (3.8) it follows that f ∼mFc1c2c . If c2 < c1, then from Remark 3.1 we have f ∼ (mFc2c1c)−1. Now
suppose that c1 = max{c1, c2, c} and (c2, c, c1) is an ordered triple. From Lemma 3.3 it follows that
(3cc2 − c1, c2, c) is an ordered triple. If F is the corresponding Markoff form then from Deﬁnition 3.1
and (3.8) above we see that then f ∼ (mF )−1. Other cases are treated in a similar fashion. 
Markoff in [4] proved the following result using continued fractions. Cassels [1, Theorem II, p. 39]
gave a proof using Markoff forms. Cassels deﬁnes Markoff forms for triples (a,b, c) where c is greater
than both a and b. We have deﬁned Markoff forms for ordered triples and hence make the necessary
adjustment in the statement of the theorem below (see Remark 3.1 and Lemma 3.4).
Theorem 3.1 (Markoff). Suppose that f (x, y) = αx2 + βxy + γ y2 with δ = β2 − 4αγ > 0 is a real binary
quadratic form. Then if m( f ) >
√
d/3 then f or f −1 is equivalent to a multiple of a Markoff form.
We conclude this section with a conjecture that is equivalent to the Markoff conjecture.
Conjecture 3.1. Let c be a positive integer. Let m = c when c is odd and m = c2 when c is even. Let d =
9m2 − 4(mc )2 . Then there is at most one pair of classes of forms of discriminant d, { f , f −1}, that represents m
and such that f 2 = f −2 = e.
Theorem 3.2. Conjecture 3.1 is equivalent to the Markoff conjecture.
Proof. The equivalence of the two conjectures follows from the fact that there is a one-to-one corre-
spondence between ordered Markoff triples (a,b, c) and pairs of classes forms { f , f −1} that represent
m and such that f 2 = e. This correspondence is clear from Deﬁnition 3.1, Lemma 3.2, Lemma 3.4 and
Lemma 3.5. 
4. Proofs of theorems and corollaries
Let C denote the form class group of forms of discriminant d > 0. Recall that C is isomorphic to
the narrow class group of ideals in R via the bijection ψ given in Section 2.2. If N(I) is the norm of
the ideal I , then note that the inﬁmum of a form is given by m( f ) = inf{N(I): I ∼ ψ( f )}.
Lemma 4.1. Let f be an integral form of discriminant d > 0 such that m( f ) >
√
d
3 . Then one of the following
holds.
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for some ordered Markoff triple (a,b, c).
2. d = 9c21 − 1 where c = 2c1 is an even Markoff number and m( f ) = c1 with f ∼ g or f −1 ∼ g where
g = c1Fabc for some ordered Markoff triple (a,b, c).
Moreover if f ′ is any form of discriminant d with m( f ′) >
√
d
3 , then m( f
′) =m( f ).
Proof. From Theorem 3.1 one of f or f −1, say f , is equivalent to g = r Fabc for some real number
r and Markoff form Fabc . By Lemma 3.2 part 1, as Fabc ∼ −Fabc , we may assume that r > 0. From
Deﬁnition 3.1 we have









As m( f ) =m(g) = rm(Fabc) = r (by Lemma 3.2), r is an integer and we have on comparing discrimi-
nants of f and g ,
dc2 = r2(9c2 − 4). (4.9)
If c is odd then gcd(c,9c2 − 4) = 1 and hence c|r. As f is a primitive form g also is primitive and
hence r = c as r/c divides the coeﬃcients of g . Therefore d = 9c2 − 4 and the result follows in this
case.
In the case when c is even we have c = 2c1 and hence from (4.9) it follows that c1|r. In this
case r/c1 divides the coeﬃcients of g and hence as g is a primitive form we have r = c1 and d =
9c21 − 1.
Now let f ′ be a form with m( f ′) >
√
d
3 . Then from the above we have if m( f ) = m( f ′) then
d = 9c2 −4 = 9c21 −1 with m( f ) = c and m( f ′) = c1. However this is not possible as the equality does
not hold modulo 9. 
Proof of Theorem 1.1. Let f be a binary quadratic form of discriminant d and suppose that an ideal
class ψ( f ) has no ideals of norm  1 + 
√
d
3 . It follows that m( f ) >
√
d
3 . By Lemma 4.1 above d =
9m( f )2 − 4 or d = 9m( f )2 − 1. In either case we have m( f ) = 1 + 
√
d
3  which means that the least
norm in the ideal class ψ( f ) is m( f ), a contradiction and the result follows. 
Proof of Theorem 1.2. Let f =mFabc for some ordered Markoff triple (a,b, c) and let I = ψ( f ). From
Lemma 3.2 we have m =m( f ) = 1+ 
√
d
3  and hence the least norm in the ideal class of I is m.
For part 2, let {I, I−1} be a pair of ideal classes with least norm m. Let f = ψ−1(I). Then m( f ) =m.
As m = 1+ 
√
d
3 , we have m( f ) >
√
d
3 . It follows from Lemma 4.1 that either f or f
−1 is equivalent
to mFabc for some ordered Markoff triple (a,b, c). From Lemma 3.2 we have f 2 ∼ e. Moreover f
represents m( f ) =m and hence part 2 now follows from Theorem 3.2.
For part 3 let f = ψ−1(I). Then the result is an immediate consequence of Lemma 4.1 noting that







Corollary 4.1. Let d be a fundamental discriminant. If all primes p  1 + 
√
d
3  are inert primes, that is
( dp ) = −1, then the class number h(d) = 1.
Proof. If d is a fundamental discriminant, then it is well known that the class group is generated by
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√
d
3  and satisﬁes ( dp ) = −1 and hence
m( f ) = 1 by assumption which gives h(d) = 1. 






5 as an upper bound for the
norms of ideals that generate the class group. For example in [5, Theorem 6.2.1, p. 200] Mollin im-
proves a previous result by replacing the Minkowski bound by
√
d
5 . Given Theorem 1.1, we may now
further improve this result by using 1+ 
√
d




Corollary 4.2. Let d be a fundamental discriminant and qi  1 for 1  i  n be the prime divisors of d. Let
Fq(x) = qx2 + (α − 1)qx + ((α − 1)q2 − d)/(4q), where α = 1 if d is even and α = 2 otherwise. Then if for
every prime p  1+ 
√
d
3  with ( dp ) = −1 and p = qi for any i, there is a square-free divisor q of d such that
|F (x)| = p for some x 0, then the class group is generated by the R-ideals over qi for i = 1,2, . . . ,n. In other
words the class group is generated by ideals of order 2.
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